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Abstract 

We solve the Bonnet problem for surfaces in the homogeneous 3-manifolds 
with a 4-dimensional isometry group. More specifically, we show that a simply 
connected real analytic surface in X M or S X R is uniquely determined pointwise 
by its metric and its principal curvatures if and only if it is not a minimal or 
a properly helicoidal surface. In the remaining three types of homogeneous 3- 
manifolds, we show that except for constant mean curvature surfaces and helicoidal 
surfaces, all simply connected real analytic surfaces are pointwise determined by 
their metric and principal curvatures. 



1 Introduction 

The theory of surfaces in Riemannian homogeneous 3-manifolds with a 4-dimensional 
isometry group is currently experiencing a great development. The starting point of the 
renewed interest on these surfaces is the work [AbRolj (see also [AbRo2] ) . in which a 
holomorphic Hopf-type differential for CMC surfaces in these spaces was constructed. 
This fact suggested the possible existence of interesting results for surfaces in these 
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homogeneous 3-manifolds, and attracted the attention of many geometers. Some signif- 
icant recent advances on this topic can be found in |AbRo2t IAbRol[ lACTj lAEGl IBeTat 
[PaETl [DiE2l IFeMill [FM2l [Hmi iHgTl IMoUnl BiEl ISiTb] . 

On the other hand, the consideration of a homogeneous 3-manifold Ai^ with a 4- 
dimensional isometry group as an ambient space for a surface theory is among the most 
natural possibihties, apart from space forms. Indeed, they constitute highly symmetric 
3-manifolds, and are strongly related to the 3-dimensional Thurston geometries. There 
are five distinct classes of them: the product spaces x M and x M, the Heisenberg 
3-space Nils, and manifolds with the isometry group of the Berger 3-spheres and of 
the universal covering of PSL(2,R). For more details, see |AbRo2l IDanll IFeMi2] and 
Section [31 

The aim of the present work is to clarify the following question: how much geometric 
information of a surface in Ai^ is sufficient in order to determine the surface uniquely? 
In |Danl] B. Daniel proved that a surface in Ai^ is uniquely determined by its first 
and second fundamental forms, and by the effect on the surface of a certain ambient 
Killing field. Moreover, these quantities satisfy an overdetermined system of PDEs, so 
it is reasonable to consider which data are necessary and which are superfluous in order 
to have the surface uniquely determined. 

The specific problem that we will investigate is the following one : Are two surfaces in 
Ai^ with the same first fundamental form and the same principal curvatures necessarily 
pointwise congruent? 

The answer to this question will be, roughly, the following one: almost every surface 
in Ai^ is uniquely determined by its first fundamental form and its principal curvatures. 
However, there exist some exceptional surfaces for which this is not the case. Never- 
theless, if we require real analyticity of the surfaces, they are necessarily constant mean 
curvature (CMC) surfaces, or are helicoidal, i.e. invariant under a 1-parameter isometry 
subgroup of the ambient space. 

If we do not ask the surfaces to be real analytic, the solution to the problem is 
basically the same, except for the fact that now it is not forbidden to glue together in 
a smooth way open pieces of surfaces of different natures, what creates many unhandy 
situations. This is the only reason why we have restricted ourselves to the real analytic 
case. 

We observe that, on the one hand, the existence of the above mentioned exceptional 
surfaces indicates that our hypothesis cannot be weakened, while on the other hand, 
the fact that the exceptional surfaces can be classified gives a satisfactory answer to the 
question we are discussing. 

The previous problem is just the formulation in the homogeneous 3-manifolds set- 
ting of the classical Bonnet problem in M.^. It asks whether the metric and the mean 
curvature (or equivalently, by Gauss' Theorema Egregium, the metric and the principal 
curvatures) are enough to determine a surface in M.^ uniquely, and whether one can reach 
a classification of the surfaces which cannot be locally determined by their metric and 
principal curvatures, if any. This problem has been treated from a classical viewpoint, 
but also from a modern viewpoint, involving sophisticated techniques of integrable sys- 
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terns theory. A detailed report on both approaches, as well as its extension to space 
forms H3, can be found in [Bobl [BoEtl [EamllKPP] . 

The outline of the present work is the following one. In Section 2 we will give a 
detailed exposition of our main results. In Section 3 we will review, following |FeMi2l 
IDanlj . the basic equations of immersed surfaces in homogeneous 3-manifolds. In Section 
4 we will provide examples of exceptional surfaces for which the Bonnet problem has a 
negative answer. Sections 5 and 6 will be devoted to show that in the real analytic cate- 
gory, these examples are the only possible exceptional surfaces for the Bonnet problem. 
Section 7 will contain some closing global remarks, and will indicate some natural open 
problems related to our results. 

2 The main results 

Let Ai^ denote a homogeneous 3-manifold with a 4-dimensional isometry group. We 
begin by addressing the question we wish to answer: 

The Bonnet problem: Let Si,S2 be two immersed oriented surfaces in the ho- 
mogeneous 3-manifold A4^. Assume that there is a diffeomorphism $ : 5i — >■ 1S2 which 
is a local isometry between them, and so that the principal curvatures of Si at p E Si 
agree with the principal curvatures of ^2 at G ^2 for every p E Si. Is then $ the 
restriction to Si of an isometry \I' of 

This is the classical formulation of the Bonnet problem for surfaces in M^, but with 
the ambient 3-space adapted to our setting. In order to formulate our results regarding 
the Bonnet problem in Ai^, we need first to distinguish between two kinds of congru- 
encies that will appear. We shall say that two immersed surfaces : — > 

are pointwise congruent if there exists an isometry of the ambient space Ai^ such 
that ip* = o tp. We will say that and tp* as above are globally congruent (or simply 
congruent) if there exists an isometry of and a diffeomorphism F : 
such that ip* oT = "if o ip. 

Let us also introduce the following notion, again taken from the Bonnet problem in 

Definition 1 A Bonnet mate of an immersed oriented surface Si in Ai^ is another 
oriented surface S2 in Ai^ for which the answer to the question posed by the above 
Bonnet problem is negative. In that situation, the pair Si,S2 will be called a Bonnet 
pair in Ai^. 

This definition immediately indicates that two Bonnet mates are never pointwise congru- 
ent. But nevertheless, they can be globally congruent, as we will see. This phenomenon 
also takes place for Bonnet pairs in R^, even though it is not explicitly remarked in 
general. 

The solution to the Bonnet problem that we present here is composed by two different 
cases, depending on whether Ai^ is a product space M^(k) x M or not. Here M^(fi;) = 
S^(k) or M^(/t) = EI^(/t) depending on the sign of k. 
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Let us expose first the case in which A^'^ is a product geometry M^(fi:) x M. It is 
then known that any simply connected minimal surface in Ai^ belongs to a continuous 
1-parameter family of minimal surfaces with the same induced metric and the same 
principal curvatures. This is called the associate family of the minimal surface, in anal- 
ogy with the Euclidean case. Its existence proves that for simply connected minimal 
surfaces in (other than pieces of slices M^(/t) x {to}), the question posed by the 
Bonnet problem has a negative answer. In addition, we will show that there is another 
class of surfaces in A^^ having a Bonnet mate: the simply connected pieces of properly 
helicoidal surfaces in the product space M^(k) x M, i.e. surfaces invariant by a contin- 
uous 1-parameter group of isometrics of the ambient space not leaving the vertical axis 
pointwise fixed, and which are not right vertical cylinders over some curve in M^(fi;). 

Once here, the solution to the Bonnet problem in M^(k) x M is the following one: 

Theorem 2 Let Si, S2 be real analytic Bonnet mates in M^(fi;) x M. Then both Si, S2 
are either minimal surfaces or open pieces of properly helicoidal surfaces. 

Conversely, any simply connected surface in M^(k) x M belonging to one of the 
following two families always has a Bonnet mate: 

1. Minimal surfaces in M^(k) x M that are not slices M^(k) x {to}- 

2. Open pieces of properly helicoidal surfaces in M^(k) x M. 

We must remark here that any minimal surface in M^(k) x M and more generally, 
any CMC surface in A^^, is real analytic. 

Remark 3 The hypothesis of real analyticity in the theorem will be used only to ensure 
that the surfaces have an identity principle, i.e. that two different surfaces cannot 
overlap over a common open set. 

If we drop this assumption and work in the smooth category, the proof of the above 
theorem will still tell the following: if a surface S has a Bonnet mate, there exists a 
dense open set of S such that around any of its points the surface is minimal, or it is 
properly helicoidal, or it is pointwise congruent to its Bonnet mate. 

Let us now describe our results in the case where is not a product geometry 
M^(k) X M. For that, we will need the following definition regarding the diffeomorphism 
$ that appears in the formulation of the Bonnet problem: we will say that $ preserves 
orientations if {d^{X), d^{Y)} is a positively oriented basis for S2 whenever {X, Y} is 
a positively oriented basis for Si. Otherwise, we will say that $ reverses orientations. 
We shall also say that a Bonnet pair in J\4^ is positive (resp. negative) if its associated 
diffeomorphism $ preserves (resp. reverses) orientations. Although this distinction is 
not necessary in M^, M.^ or M^(/«) x M, it will be unavoidable in the present case. Let 
us also remark that if the Bonnet pair is minimal {H = 0), it can always be assumed to 
be a positive Bonnet pair. 

Once here, in order to describe the fundamental Bonnet pairs in that will appear, 
let us consider the following geometric dualities. The first two of them are due to Daniel 
[DiET] : 
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1. Any simply connected CMC surface in Ai^ M^(/t) x R has an associate CMC 
surface in some WP{k) x M with the same metric and conformal structure. This 
is a generahzation of the usual Lawson-type correspondence for CMC surfaces in 
space forms. Two CMC surfaces related by this correspondence are called sister 
surfaces (see Section [3] for more details). 

2. Any simply connected surface in Ai"^ ^ M^(k) x M with constant mean curvature 
if 7^ has an associated surface in A^^ with the same metric and conformal 
structure, and with constant mean curvature —H. These surfaces, which are 
never pointwise congruent, are called tvjin immersions. 

3. Any non-minimal simply connected open piece of a helicoidal surface in A^^ 7^ 
M^(fi;) X M (i.e. a surface invariant under the action of a continuous 1-parameter 
isometry subgroup of Ai^) has another piece of helicoidal surface associated to it, 
with the same metric and conformal structure, but with opposite mean curvature 
function. We call these surfaces, which are never pointwise congruent, helicoidal 
mates in Ai^. 

The solution to the Bonnet problem in the homogeneous 3-manifolds that are not prod- 
uct geometries is the following one: 

Theorem 4 Let Ai^ denote a homogeneous 3-manifold with a A-dimensional isometry 
group, so that 7^ M'^{n) x R. 

1. Let Si, S2 denote two real analytic positive Bonnet mates in At"^ . Then Si and S2 
are open pieces of helicoidal CMC surfaces. As a matter of fact, they are the sister 
surfaces of two properly helicoidal CMC surfaces in a product space M^(k) x R. 

Conversely, any simply connected open piece of a helicoidal CMC surface in At^ 
whose sister surface in WP{k) xW is properly helicoidal has a positive Bonnet mate 
in At^. 

2. Let Si, S2 denote two real analytic negative Bonnet mates in Ai^ . Then both Si, 
S2 are either non-minimal CMC surfaces, or are open pieces of helicoidal surfaces 
in Ai^. As a matter of fact, after a change of orientation in one of them, they are 
either CMC twin immersions, or are helicoidal mates in Ai^ 

And conversely, any non-minimal simply connected surface in Ai^ which is either 
a CMC surface or an open piece of a helicoidal surface, has a negative Bonnet 
mate in Ai^. 

Remark 5 Again, the proof of Theorem will actually show the following: any (non- 
analytic) surface S in Ai^ admitting a Bonnet mate, has a dense open set such that 
around any of its points the surface has constant mean curvature, or it is helicoidal, or 
it is pointwise congruent to its Bonnet mate. 

Remark 6 Although two Bonnet mates are never pointwise congruent, we will see in 
Section^ that they can sometimes be globally congruent. 
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3 Surface theory in homogeneous 3-manifolds 



Despite there are five distinct classes of liomogeneous 3-manifolds with a 4-dimensional 
isometry group, it is possible to develop a unified treatment for all of them, by means 
of a pair of real constants (k, r) verifying k 7^ 4r^ (see |Danl] ). 

Indeed, a homogeneous 3-manifold with a 4-dimensional isometry group can be seen 
as a fibration over the simply connected 2-dimensional space form M^(k) of constant 
curvature k, so that: (a) the fibers are geodesies, and (6) translations along the fibers 
are isometries of the space. 

Associated to this fibration we may define the vertical vector field ^ of K^{k, r) as the 
unit vector field associated to the translations along the fibers. Moreover, as translations 
along the fibers are isometries of K^{k, r), the vertical field ^ is a Killing field. 

The curvature k of the space form M^(k) is the first real constant that will be used 
to classify these homogeneous 3-manifolds. The other one will be the bundle curvature 
T, which is the real constant such that Vx^ = t{X x ^) holds for any vector field X on 
the manifold. Here V is the Levi-Civita connection of the manifold and x denotes the 
cross product. In addition, the pair {k,t) satisfies k, — 4r^ 7^ 0. 

With this, we have: 

1. If r = we get the product space M2(k) x M, that is, ^^(k) x M or e^(fi;) x M, 
depending on the sign of k. 

2. If K = and r 7^ 0, we get the Heisenberg 3-space Nils. 

3. If K > and r 7^ 0, the homogeneous 3-manifold has the isometry group of the 
Berger spheres Sj^gj,. 

4. If K < and r 7^ 0, we obtain the homogeneous 3-manifolds whose isometry group 
is isomorphic to the one of the universal cover of PSL(2,]R). 

We shall denote by 'E^{k,t) the homogeneous 3-manifold described by the pair (/«,r). 

When r = 0, the isometry group of the homogeneous manifold E(/t, 0) = M^(k) x M 
has four connected components. Indeed, an isometry of M^(k) x M can preserve or 
reverse independently the orientation of the base and the fiber. Contrastingly, if r 7^ 0, 
an isometry of E'^(/€,r) necessarily preserves or reverses simultaneously the orientations 
of both the base and the fiber. This will become important for our purposes later on. 

For more details on homogeneous 3-manifolds, the reader may consult for instance 
|AbRo2t IBeTal IDanll IFeMi2j and references therein. 

Now, let us consider an immersed surface ip : T, ^ K^{k,,t), and let us view S as a 
Riemann surface with the conformal structure given by the induced metric (,). Thus, 
if z denotes a complex coordinate of S, we have {dip, dip) = A|(i2;p for some smooth 
positive function A, that will be called the conformal factor of ip. Let us also define in 
terms of z = s + it the usual operators dz = {ds — idt)/2 and dg = {ds + idt)/2. 
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Definition 7 In the above setting, let t] be the unit normal map of in K^{k,t), and 
let ^ denote the vertical unit Killing field ofK^{K,, r). We will call the fundamental data 
of ip to the globally defined uple 

{\\dz\'^,u,H,pdz^,Adz), (3.1) 

where 

X\dz\'^ := {dip, dip) is the induced metric ofip, 

■u : E ^ [—1, 1] is the angle function of ip, i.e. u = {r],^), 

H : ^ W is the mean curvature of ip, 

pdz^ := —{ipz,Vz) dz^ is the Hopf differential of ip, 

Adz := {^,ipz)dz is the {l,0)-part of the 1-form {^,dip), 

and z is an arbitrary complex parameter for S. 

Remark 8 While u, H are well defined functions on S, the quantities X,p, A depend on 
the chosen parameter z o/S. Nevertheless, the metric ds'^ = A|dzp as well as the Hopf 
differential P = pdz'^ and the tangent 1-form A = Adz + Adz are well defined global 
objects on S. 

Let us also remark that when r = (i.e., ¥,^{k,t) = M^(k) x M), we may write 
Ip = {N,h) : S — > M^(k) X M, where h is the height function. It then turns out that 
A = hz iti this setting. 

The integrability equations for a surface in E^(k, r) are summarized in the following 
result, proved in |FeMi2j (see also |Danlj ): 

Theorem 9 The fundamental data of an immersed surface ip : J] —>■ t) satisfy the 

following integrability conditions with respect to an arbitrary complex parameter z of the 
Riemann surface S.- 

(C.l) p, = ^{H, + uA{k-4t^)). 

(C.2) A, = ^{H + zt). 

2 2p - (3-2) 

(C.3) = ~{H -it)A- ^A. 

(C.4) ^ = 1-^2. 
A 

Conversely, let S denote a simply connected Riemann surface, and consider on S : 
(a) two smooth functions i7, m : S — > R with < 1, (b) a Riemannian metric ds'^, (c) a 
complex 2-form of (2, 0)-type P, and (d) a real 1-form A. Assume furthermore that, if z 
denotes an arbitrary complex parameter ofE, and we write ds"^ = Xldzl"^, P = pdz"^ and 
A = Adz + Adz, then the set (A, m, H, p, A) verify (13.21) for some real constants n, r with 
K — At"^ 7^ 0. Then there exists a surface ip : T, ^ E^(k, r) with fundamental data (13.11) . 
Moreover, this surface is unique up to isometrics o/E'^(K,r) preserving the orientations 
of both the base and the fiber o/E^(k, r). 
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Equation (C.l) is nothing but the Codazzi equation of the ambient space. Even 
though these four equations suffice in order to determine a surface in E,^[k,t), we will 
also write down for later use two other formulas that can be inferred from (C.l) to 
(C.4) (see |Danlt [FeMi2] ). One is the Gauss equation 

K = det{S) + t^ + {k- At^)u\ (3.3) 

where K is the Gaussian curvature of the metric A|(izp and S is the shape operator of 
ip. The other additional equation is 

(CO) A,-^A = up. 
It is also interesting to recall at this point the general relation 

det(^) = H^- (3.4) 
that follows directly from the definition of p, H and A. 

Remark 10 Let ip : H ^ ¥?{k,,t) be an immersed oriented surface with fundamental 
data fl3.ip . let \E' denote an isometry o/E'^(k, t), and consider the surface ip* = o ip : 
S — * K^[k,t), where we are taking for ip* the orientation determined by the complex 
structure of the Riemann surface S. Then, depending on \E' and the bundle curvature t, 
the fundamental data of ip* are the following ones: 

1. If"^ preserves the orientations of both the base and the fiber o/E'^(k, r), the funda- 
mental data of ip* agree with the ones ofip. If reverses both orientations, then 
ip* has {Xldzl"^, —u, Hjpdz"^, —Adz) as its fundamental data. 

2. If "if preserves (resp. reverses) the orientation of the base and reverses (resp. 
preserves) that of the fiber, then r = and the fundamental data of ip* are 
{\\dz\'^,u, —H, —pdz'^, —Adz) (resp. {Xldz]"^, —u, —H, —pdz'^, Adz)). 

To close this section, we will expose a Lawson-type isometric correspondence between 
constant mean curvature (CMC) surfaces in different homogeneous 3-manifolds. This 
correspondence is due to Daniel |Danl] . 

Let ipi : —^ K^{k,i,ti) be a simply connected CMC surface in K^{k,i,ti) whose 
fundamental data are {X\dz\'^,u, HijPidz"^, Aidz), being Hi constant. Consider now 
K2,T2 with Ki - 4rf = K2- 4r|, and take H2 such that + = Hf + rf . So, 
there is some a G M such that H2 — = e~''°'{Hi — iri). It is then immediate to check 
that the set 

{\\dz\^,u,H2,P2 = e'''pidz^,A2 = e'^Aidz) (3.5) 

together with K2,T2 verify conditions (C.l) to (C.4). So, by Theorem [9] there exists a 
CMC surface ip2 ■ T, ^ ^^{1^2, T2) that is locally isometric to ipi, and whose fundamental 
data are given by 03.51) . 
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4 Examples of Bonnet pairs in E^(/t:, t) 



In order to work with Bonnet pairs, we shall first define a common Riemann surface 
structure for any two Bonnet mates in E^(K,r). This will allow us to speak about 
common holomorphic objects of both surfaces. 

Let Si,S2 be a Bonnet pair in E^(k, r), and let $ : iSi — ^2 be the diffeomorphism 
in the formulation of the Bonnet problem. 

If $ preserves orientations, Si and ^2 share the same conformal structure, as they 
have the same metric and orientation. Now, if $ reverses orientations, and iSg denotes 
the immersed surface S2 with its opposite orientation, then Si and iSg have the same 
conformal structure. However, they do not have the same principal curvatures at corre- 
sponding points anymore (except if H = 0, see the Remark below). They have opposite 
principal curvatures. 

Nevertheless, let us assume in this second case that r = 0. This allows us to consider 
n to be a vertical symmetry in M^(/t) x M. Now define $ = 11 o $ and ^2 = $(52). As 
$ is orientation reversing, we get that $ preserves orientations, and thus Si and S2 are 
in the condition of the first case. 

In other words, if r = (and thus K'^{k,t) = WP{n) x M), we can always assume 
in the formulation of the Bonnet problem that $ preserves orientations. This is exactly 
what happens regarding the Bonnet problem in M^, and H'^, but it cannot be extended 
to the homogeneous spaces E^(/t, r) with r 7^ 0, as we will see. 

Remark 11 If Si, S2 are two minimal surfaces in E^(k, r) that constitute a negative 
Bonnet pair, then Si and S2 are a positive Bonnet pair with the same principal cur- 
vatures at every point. Thus, in the minimal case and up to a change of orientation. 
Bonnet pairs can always be assumed to be positive. 

Bearing the above facts in mind, we can conclude that the Bonnet problem for 
surfaces in E^(k, r) can be rephrased in the following way, which involves a common 
conformal structure for the two Bonnet mates: 

Let S be a Riemann surface, and consider ip , ip* : H E^(/t, r) two conformal 
immersions of S into E^(K,r) with their respective orientations induced by 
the complex structure of S. Assume that the induced metrics of ip and tp* 
coincide, and that ki = ek* for i = 1,2 and e = ±1 (with £ = 1 if r = 
or H = 0), where ki (resp. k*) are the principal curvatures of (resp. ip*). 
Does it exist then an isometry of E^(/t, r) such that \E' o = ■?/)*? 

Keeping the above formulation of the Bonnet problem in E^(/t, r) in mind, our ap- 
proach to a solution of the problem will rely on the following lemma. 

Lemma 12 Let ip : J] E^(K,r) be a simply connected surface in E'^(/s:,r) with fun- 
damental data (13.11) . Assume that there exist a complex 2-form p* dz^ and a complex 
1 -form A* dz on S with 

{p* dz'^,A* dz) {±pdz^,±Adz) (4.1) 
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and e = ±1 (with e = 1 if t = 0) such that the set 

{X\dz\\u,eH,p*dz\A*dz) (4.2) 

verify conditions (C.l) to (C.4). Then ip has a Bonnet mate ip* : H E'^(/t, r). 

On the other hand, ifip*:!!^ E'^(k, r) is a Bonnet mate of ip, then its fundamental 
data are of the form 

{\\dz\^,u\eH,p* dz^.A* dz) (4.3) 

for e = ±1 (with e = 1 if t = 0, up to a vertical symmetry) , where : H —>■ [—1, 1] 
verifies = (u*)"^. 

Proof. Assume first of all tlie existence of a Bonnet mate tp* : H —>■ K^{k,t) of ip, and 
let 

{\*\dz\^,u*,H*,p* dz^A* dz) 

denote its fundamental data. As the induced metric of both surfaces agree, we have 
A|(i2rp = A*|(i2;p. By the above discussion, their principal curvatures agree up to sign, 
so we get H* = eH for e = ±1. Now, by the Gauss equation (13. 3p we see that = {u*y. 

On the other hand, assume that we have two different sets of fundamental data of 
the form (13. ip and (14. 2 p on the simply connected Riemann surface S, so that e = ±1 
and (14. ip holds. By Theorem [9] and (13.30 they give rise to two immersions ip,ip* : 
E — >■ E^(k, r) with the same conformal structure, the same induced metric, and whose 
principal curvatures agree up to the e sign. By making a change of orientation on ip* 
if necessary (i.e. if e = —1) we can then conclude that ip* has the same metric and 
principal curvatures that ip. So, we only need to check that both immersions are non- 
congruent in E,^{k, r), in order to have a Bonnet pair. But this follows directly from the 
condition (14.11) and Remark [TOl what finishes the proof. 

□ 

The remaining part of this section will be devoted to expose Bonnet pairs in homo- 
geneous 3- manifolds. It will be proved in Section 5 and Section 6 that, for real analytic 
surfaces, the examples presented here are the only Bonnet pairs in E^(fi;, r). 

Associate minimal surfaces in WP{k) x M: Let ip : ^ M.'^{k) x M be a simply 
connected minimal surface, and write ip = {N, h) , where h is the height function. Then 
/i : E — >• M is harmonic. Moreover, let {X\dz\'^,u,0,pdz'^, Adz := h^dz) denote its 
fundamental data. It is then straightforward to check that for every 6 E [0, 27r) the 
quantities (A, m, 0, e*^p, e^^A) verify conditions (C.l) to (C.4). Thus, by Theorem [9] we 
get a 1-parameter family ipg of minimal immersions from E into M^(k) x M with the 
same induced metric and the same principal curvatures. Moreover, if A ^ (i.e. the 
minimal surface is not a piece of a slice M^(k) x {to}) and 6 0,7i, the surfaces ip and 
Ipg are not pointwise congruent by Remark (TDl Thus, in general, any two elements of 
such an associated family constitute a Bonnet pair in M.'^{k) x M. 

Helicoidal surfaces in M^(k) x M: Apart from the above associate minimal family. 
Bonnet pairs also appear when considering helicoidal surfaces in M^(/t) x M, that is. 
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surfaces that are invariant under a continuous 1-parameter group of rigid motions of the 
ambient space. A general study of these surfaces can be consuhed in |MoUnl [SaEl ISaTo] . 
Our alternative approach here is based on the following characterization result: 

Proposition 13 Let ip : H ^ E'^(/t, r) be a conformal immersion from the Riemann 
surface S, let z he a conformal parameter for S, and suppose that ip has fundamental 
data (13. ip . // all the quantities {\,u, H,p, A) depend only on z + z, then ip is an open 
piece of a helicoidal surface in E^(k, r). 

Conversely, any helicoidal surface in E^(k, r) with fundamental data (13.11) has around 
any point a certain local conformal parameter z for its induced complex structure such 
that (A, u, h, p, A) depend only on z + z. 

Proof. Write z = s + it, and assume that (A, u, H, p, A) depend only on s. In this way, we 
may consider the immersion ip to be defined on a vertical strip of C Then, for any ^ 
the map (s, t) i— > {s,t + to) preserve the fundamental data of ip, and consequently ip has a 
continuous 1-parameter group of self-congruences. In other words, for every ^ there 
is an isometry "^to of E'^(K,r) satisfying ip{s,t + tQ) = '^tg{ip{s,t)). So, {"^to '■ to 
is a continuous 1-parameter group of isometries of E^(k, r) i.e., it consists of helicoidal 
motions. Let us also observe that if r = 0, then A = h^, and so the 1-parameter isometry 
subgroup is made up by rotations if and only if h{s,t + to) = h{s,t), i.e. if and only if 
A[s) G M. Here a rotation means an isometry of K^{k, t) acting trivially on the fibers. 
In the same way, A{s) G iM. if and only if the 1-parameter isometry subgroup consists 
of vertical translations and the surface is a piece of a right vertical cylinder. 

Conversely, let ip : E^(K,r) be a surface invariant under a continuous 1- 

parameter subgroup {\I'^2 : f2 G M} of isometries of E^(k, r). If we choose a{vi) a 
regular curve of the surface in t) that is transversal to the orbits {^^^{p) : ^2 £ I^} 
of the 1-parameter subgroup, then we can parametrize the helicoidal surface ip locally 
as ip{vi,V2) = ^E' ,,2(0^(^1)) around any point that is not invariant under this isometry 
subgroup. Now, as ip{vi,V2 + 5) is pointwise congruent to ip{vi,V2), we can conclude 
that the coefficients of the first and second fundamental forms of ip with respect to the 
coordinates {vi^v^) do not depend on f2, i.e. they depend on vi exclusively. The same 
holds regarding the function u = (rj,^). Write 



for the first fundamental form of ip. Then we can consider the new local parameters 
(s, t) given by 



A direct computation lets us verify that / = G{vi){ds'^ + dt"^). And as / is strictly 
increasing, we can write G{vi) = G{f~^{s)). At last, we obtain that 



J = E{vi)dvl + 2F{vi)dvidv2 + G{vi)dvl 




E = E{s) 



F 







G = G{s) 



E{s) = G{s) 
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and also that the coefficients of the second fundamental form of ip in the parameters 
(s, t) depends only on s. Again, the same is true for u. All of this means that z = s + it 
is a local conformal parameter of the surface, and all the coefficients of the fundamental 
data of ip only depend on s = {z + z)/2. This completes the proof. 

□ 

By definition, a properly helicoidal surface will be a helicoidal surface in M^(/t) x M 
whose generating 1-parameter group of ambient isometries acts non-trivially on both 
the vertical and horizontal factors. This excludes rotational surfaces in M^(/t) x M, as 
well as right vertical cylinders over some curve of M^(k) x M. 

Proposition 14 Any simply connected open piece of a properly helicoidal surface in 
M^(fi:) X M has a Bonnet mate. 

Proof Let {X, H,u,p, A) denote the coefficients of the fundamental data of a properly 
helicoidal surface ijj : M^(fi;) x M, with respect to a local conformal parameter z 

for it. By Proposition [T3] we know that around each point of E all these quantities can 
be assumed to depend exclusively on s = {z + z)/2. Now, when two such parameters 
2:1,^2 coexist on an open set, the Cauchy-Riemann equations indicate that Z2 = azi for 
some a G M on this open set. So, as S is simply connected, this implies the existence 
of a global conformal parameter z on S with the property that all the coefficients 
(A, H, u,p, A) depend only on s = {z + z)/2. Now, a direct computation shows that the 
quantities 

{\,u,H,p,A) (4.4) 

satisfy conditions (C.l) to (C.4) in M^(/t) x M, and thus by Theorem [9] they give 
rise to an immersion ip* : T, M^(/t) x M whose fundamental data are given by 
{X\dz\'^,u,H,pdz'^,Adz). Thus, ip and ip* have the same metric and principal cur- 
vatures. Moreover, by the proof of Proposition [13] we know that A ^ M and A ^ iM. due 
to the fact that ijj is properly helicoidal. This indicates that and ip* are not pointwise 
congruent. Consequently, they constitute a Bonnet pair. Let us also remark that, by 
Proposition [T3|, the surface ip* is also properly helicoidal. 

□ 

It follows immediately from this proposition and the Lawson-type correspondence 
(13.51) that there also exist Bonnet pairs in homogeneous 3- manifolds with r 7^ 0. More 
specifically, we have: 

Corollary 15 The sister surface in E^(/t, r) of any simply connected properly helicoidal 
CMC surface in M^(k) x M has a Bonnet mate in E^(/t, r). 

This follows directly from the interesting fact that, by its own construction, the Lawson- 
type correspondence (13.51) for CMC surfaces preserves positive Bonnet pairs, and by 
Proposition [13] it also preserves the property of being helicoidal. 
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Twin CMC immersions in ¥P(k,t) when r 7^ 0: Let ?/' : S — > E'^(K,r) be any 
simply connected CMC surface in t), t ^ 0, with fundamental data fl3.1l) . Assume 
also that H 0. Consider now a G M so that e^"{H + it) = —H + ir. It follows then 
from the Lawson-type correspondence by Daniel exposed in formula (13.51) that there 
exists a surface ip* : ^ E^(/t, r) with fundamental data 

{X\dz\\u, -H, e'^dz^, e*"A dz). 

This surface, which by Theorem 13.21 exists and is unique up to congruences, was intro- 
duced in |Danl] . Following that paper, we shall say that ip* is the twin immersion of 
the CMC surface ip*, and also that ip and ip* are twin immersions. 

Our interest in twin immersions comes from the following fact, whose proof follows 
directly from Lemma [T2l 

Corollary 16 Any pair of twin CMC immersions in E'^(k, t), t ^ 0, constitute a neg- 
ative Bonnet pair in r). 

Helicoidal mates in K^{k,,t) when r 7^ 0: Similarly to Proposition [TH we have 
the following situation when r 7^ 0: 

Proposition 17 Any non-minimal simply connected open piece of a helicoidal surface 
in K'^{k,t), r ^ 0, has a negative Bonnet mate. 

The proof of this result is similar to the one of Proposition [T31 just taking into account 
that if an uple (A, u, H, p, A) depends only on s = + ^)/2 and verifies equations (C.l) 
to (C.4), then the uple (A, u, —H, —p, —A) also has these properties. In addition, the 
surfaces are not pointwise congruent by Remark [TOl and the condition r 7^ 0. 



5 Proof of Theorem [2 

Let ip , ip* : —>■ E'^(k, r) be a Bonnet pair, and consider S endowed with the Riemann 
surface structure of the pair, as explained in the previous section. Then, by Lemma [12] 
the fundamental data of ip and ip* are of the form fl3.ip and (14.31) . respectively. 

Even though the present section is dedicated to the product spaces M^(k) x M, we 
will begin by considering the general situation of surfaces in E^(k, r), but with one 
restriction: we shall assume that e = 1 if t ^ 0, i.e. that the Bonnet pair is positive. 

We will work on a neighborhood f2 of a point z G S on which u* = au holds for a 
fixed (T = ±1. As the surfaces are real analytic, this condition thus holds everywhere 
automatically. We remark that in the smooth category, as u"^ = (m*)^ on our surface, 
the set of points zq with the property that u* = au holds around them is open and dense 
on S. 

With all of this, it follows directly by (C.2) that {A - aA*)^ = 0, i.e. the 1-form 
adz = {A — aA*)dz is holomorphic on Vt. 
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Let us distinguish two cases. If a vanishes identically on fi, then we have u = au* , 
A* = a A, and by (C.l) it also holds that p* = p. By Remark [TU] we see that ip\fi and 
ip*\n differ only by an isometry of &{k, t). So iP\q and '0*1 n do not constitute a Bonnet 
pair, and the same happens to ip and ip* by real analyticity. 

If a does not vanish identically on Q, then it has only isolated zeros there. We shall 
work locally away from these zeros, as this will suffice for our purposes. 

With this, we can consider now around points in Q with a 7^ the new local 
conformal parameter w = w{z) = i /^a. By an abuse of notation, we shall also denote 
this new complex parameter by z. We then have to bear in mind from now on that 
a = —idz with respect to this parameter. 

In addition, by (C.4) we see that \A*\'^ = |y4p. Thereby, there is a local real function 
/ such that 

^ = -/-^, aA* = -f+'-. (5.1) 
Hence, (C.2) is rewritten as 

-^ = ^{H + ^T). (5.2) 

On the other hand, by differentiating (C.3) we see by means of (C.l), u = au* and the 
fact that £ = 1 if r 7^ 0, that 



u,, = -H,A-{H-tT)A,-H,A-u{K-AT^)\A\^+'^X,A-'^A, 

On* - 2n* 

= ai-H-,A* -{H - it)AI - H,A* - auin - At^)\A*\^ + ^AgA* - -^A*). 



Using in this last relation that A — a A* is holomorphic and the identity |y4p = \A*\'^ we 
arrive at 



{A - aA*)H, + (A - aA*)H, = -^{A, - -fA) + ^(^* - y^*)- 
At last, using here (15.11) and (CO) we get 

2?/ 

iiH,-H,) = -^{\pr-\p\'). (5.3) 

Recalling now fl3.4p . and taking into account that have the same metric and 

principal curvatures, we conclude that = So, denoting z = s + it, 05.31) turns 
into 

Ht = 0, that is, H = H{s). (5.4) 

In addition, by (15.21) we know that fz{H — ir) G M. This is a first order linear PDE, 
and the fact that H = H{s) lets us solve it explicitly. Indeed, we get 

/ = f{5), where 5 = Tt+ [ H{s)ds. (5.5) 
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From now on, we shall assume that r = 0, and so E^(/t, r) = M^(/s;) x M. The case 
where r 7^ will be discussed in the next section. 

Once here, suppose that Zq has a neighbourhood U G Q on which H vanishes iden- 
tically. Then the surfaces ip\u,'^*\u are associate minimal surfaces in M^(k) x R, as 
explained in SectionHl Indeed, this follows directly from (C.2), (C.3) and (C.4). Thus, 
by real analyticity, both surfaces must globally be associated minimal surfaces. 

Let us now work on an open piece of Q on which H does not vanish. As r = 0, 
it follows from (15.51) that / = /(s), and therefore A = A{s). By (15.21) we also get 
/' = —XuH, where here ' denote differentiation with respect to the real parameter s. 
Consequently, Am depends only on s. Thus, by (C.4) both A and u depend only on s, 
and finally, by (C.3), p also depends only on s. In this argument we have used that A 
cannot vanish identically on an open subset of a surface with non-vanishing H. 

To sum up, we have obtained the following conclusion: around any point in Q with 
H ^ there exists a local conformal parameter z such that the coefficients of the 
fundamental data of ip and ip* depend only on z + z. By Proposition [131 4' ^ind ip* are 
open pieces of helicoidal surfaces around such point. Moreover, as with respect to this 
specific local parameter we see that Im(A) 7^ and Im(y4*) 7^ 0, we can infer that these 
helicoidal surfaces are in fact properly helicoidal. As a matter of fact, we actually have 
p* = p and A* = A. Again by real analyticity, the surfaces are, globally, open pieces of 
properly helicoidal surfaces. This completes the first part of the proof. 

The converse has been already proved in Section 3, as we showed there the existence 
of associate minimal surfaces, as well as the existence of a Bonnet mate for any properly 
helicoidal surface in M^(k) x M (Proposition [T^ . 



6 Proof of Theorem 4 



We will divide the proof into two different cases, depending on whether the Bonnet 
pair is considered to be positive or negative. 



Positive Bonnet pairs 

Let us start with a positive Bonnet pair, i.e. with the case where e = 1, and keep 
the notations of the previous section. Thus, by (15.41) and (15. 5p we have that H = H{s) 
and A = A{6). Also observe that as r 7^ 0, the pair {s,6) constitute local coordinates 
on the surface. Now, by (15.21) and the relation 25z = H — ir we get that Xu depend only 
on 6. Consequently, by (C.4) we obtain that A = X{6) and u = u{6). Actually, 

X{6)u{6) = -f'{6). (6.1) 

Bearing this in mind, a direct computation shows that (C.3) translates into 

X{u' + 2A) _ ~2p 
2A ~ H -ir' 
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This indicates that there is a smooth complex function F = F{6) such that 



P . nS), F :^ (6.2) 

Let us consider two subcases: assume first that H is constant on an open set (and 
thus everywhere, by real analyticity). Then, we see from the just discussed relations 
that all the fundamental data of ip and ip* depend only on 5 on this open set, and 
that 5 = Re(if — ir)(s + it) is a conformal parameter (since H is constant). Thus, by 
Proposition [T3] both ip and ip* are CMC helicoidal surfaces in E^(k, r). Moreover, as 
the Lawson-type correspondence (13. 5p preserves helicoidal CMC positive Bonnet pairs, 
we conclude from Theorem [2] that these surfaces in E^(k, r) are exactly the sister CMC 
surfaces of the properly helicoidal CMC surfaces in M^(fi;) x M, with k = k, — 4r^. 

Now assume that H is not constant around some point. Then, by the Codazzi 
equation (C.l) and fl6.2p we get the relation 

F'{5){HisY + T^) = H\s)i-F{S) + A(5)/2) + {k - AT')\{S)ui5)A{5). (6.3) 

Let us examine this equation. First, observe that if we write F{6) = Fi{6) + iF2{6), 
then by decomposing (16. 3p into real and imaginary parts, we obtain using (16. ip that 

{H{sr + T')Fi{6) = H'{s){-F,{6) + X{6)/2) + {K-AT')f{6)f'{6), 
{H{sf + T^)F^{5) = -H'{s)F2{5) + {K-AT^)r{6)/2. 

If we work out the value of f'{5) in the second equation, and afterwards substitute it 
into the first equation, we end up with 

{H{sf + r'){F[{5) - 2f{5)Fm = H'{s){2f{5)F,i5) - F,{5) + A(5)/2). (6.5) 

We are going to prove that under these circumstances, we must have that F{6) is 
constant, and that both ip and ip* are pointwise congruent. 

In order to do so, assume first of all that 2/(5)^2(5) — Fi{6) + X{6)/2 7^ on an open 
interval. It is then immediately inferred from (16. 5p that 

H'{s) =a{H{sy + T^), aGR. (6.6) 

If we now put together (16.30 and (16. 6p we are left with 

{H{sf + t'){F\6) + aF{6) - aA(5)/2) = («: - 4r2)f(5)(/(<5) + z/2). 

So, as H{s) is not constant, we see that f'{S) = 0, i.e. that A is constant. By (C.2) 
and (C.4) this implies that u = and A is also constant. As a conclusion, F{6) is also 
constant by (16.20 . 

On the other hand, suppose now that 

2/(5)^2(5) -Fi (5) + A((5)/2 = (6.7) 
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along an interval, what implies by (16 ■4p that 



F[{6) = 2f{5)F^{5) (6.8) 

If F2{5) = 0, then F{6) is constant. Otherwise, if we differentiate the second equation 
in (16. 5p with respect to s, and separate the variables s, S in the resulting equation, we 
conclude the existence of a real constant a 7^ such that 

2H{s)H'{s) = -aH"{s) and ^2(5) = aFf,{6). (6.9) 

Thus H{sY + aH'{s) = b for some 6 G M, and if we use (16.91) in the second equation of 
(16.51) we can conclude the existence of constants c,d E W with c = 2(r^ + 6)/(k — 4r^) 
such that 

fiS) = cF2{S) + d. (6.10) 

Now, by differentiating (16.71) and using fl6.8p we see that 4/' (5)^2 (5) + X'{5) = 0, what 
lets us conclude by means of (16.91) and (I6.10p that 

X{6) = -2cF2{6f + 2e, e G M. (6.11) 

Next, observe that if we put together (C.4) with (15.11) and (16.10 we get the relation 

A(5)(4/(5)2 + l) = A(5)2-/'(5)2. (6.12) 

If in this relation we use (16.91) . (I6.10p and (16.110 we conclude that F2{6) is a root of a 
polynomial with constant coefficients of degree four. So, either F2{6) (and hence F{S)) 
is constant, or all the coefficients of this polynomial must vanish. If this is the case, we 
would have the relations 

-2c^ = c^ c^d = 0, 2cUd^ + 1) - Sec^ = Sec + — , cde = 0, eUd^ + 1) = 2e'^. 

Firstly, if c = 0, then by (16.100 f{6) is constant (i.e. A{6) is constant), what proves by 
(C.2) that u = 0, and consequently that F{6) is also constant. On the other hand, if 
c 7^ we can conclude that c = -1/2, ci = 0, e G {0, 1/2} and 2e - 1 = 1/(40^). But 
the last relation indicates that 2e — 1 should be positive, and this is not possible. 

So, we have concluded that F{6) must be constant in order to have a Bonnet pair. 
Let us finally show that, even in this case, a Bonnet pair cannot occur, since the surfaces 
turn out to be pointwise congruent on an open set, and thus globally by real analyticity. 

The condition that F{6) is constant lets us translate (16.40 into 

= H'{s){-F^ + X{6)/2) + {K-AT')f{6)f'{6), 

(6.13) 

= -H\s)F2 + {^-4r^)f{6)/2. 

It is deduced from the second equation that f'{6) is constant. Taking this into account, 
we infer from the first equation in (I6.13P that either A = 2Fi (and thus / is constant). 
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or else f{6)/{—Fi + A(5)/2) is constant. In any of the two cases, we get the existence of 
Oi, a2 G M with 

/(5) = aiA(5) + a2. (6.14) 

Using now (16.141) and the constancy of f'{S), (I6.12p tells that A (5) is the root of a third 
degree polynomial with constant coefficients and principal term Aaf. This shows by 
means of (I6.14p that f{6) and X{6) are necessarily constant. By (C.2) this proves that 
u = 0, hence A = 1 + 4/^ by (C.4). Now we can use fl6?2|) to infer that F = -2A^ = 
— 2(/ + i/2)^. And at last, using that F is constant in fl6.2p . and that H'{s) ^ 0, the 
equation (C.l) simplifies to 2F = 1 +4/^. This tells that / = 0, from where a A* = —A 
and thus p{s) = p*{s) if we use (16. 2 p for ip* rather than for ip. So, we conclude by 
Remark [TO] that both surfaces are pointwise congruent on an open subset. Thus, they 
do not constitute a Bonnet pair. 

To sum up, we have proved that a real analytic positive Bonnet pair in E^(k, r) 
for r 7^ is necessarily made up by two helicoidal CMC surfaces that are the sister 
immersions of two properly helicoidal CMC surfaces in some product space. 



Negative Bonnet pairs 

Let us consider next the case of negative Bonnet pairs in E'^(K,r), that is, the 
case e = —1. As was explained in Remark [TTl we can assume that H never vanishes 
identically on an open set of S. 

So, let {\,u, H,p, A) and {\,u*, —H,p*, A*) be the coefficients of the fundamental 
data of a Bonnet pair ?/',?/'*: S —> E^(K,r). Again, we will assume without loss of 
generality that u* = au holds for some a = ±1. 

From (C.2) we have 

A, = —{H - it), aA\ = —i-H - zr), 

and so A^ + crA*^ = 0. This implies the local existence of a complex function (j) with 
(pz = A and 02 = —a A*. We then have 

A-(7A* = (0 + 0), /?:=0 + 0. (6.15) 

If A = a A* on some open set, then u = and, by (C.2), Adz is a. holomorphic 1-form. 
So, we can choose a new complex parameter (that will still be denoted by z) so that 
A = 1 holds on this open set (and thus A = 4 by (C.4)). By (C.3) we obtain that 
p* = —p, and at last (C.l) tells us that both H and p depend only on z + z. Thus both 
surfaces are helicoidal. By composing one of the surfaces with an isometry of r) 
if necessary we get by Remark [10] that the surfaces are helicoidal mates. 

Let us work from now on in the open set V = {zq G S : Pz{zo) 7^ 0}. By (16.150 and 
|Ap = |v4*p we get 

A=(l + tf]Pz, aA*=(-l+if]pz (6.16) 



2 " r ' V 2 



18 



for some smooth real function /. Using fl6.16p we can write (C.2) for ip and ip* as the 
system 



or equivalently, 




= \Hu, 

Xu (6-17) 

= T^- 

The second formula in (16.1 7p proves that f^Pz £ i-e. df A dp = 0. As 7^ on V, 
we can infer that, locally, 

/ = fi/3). (6.18) 

We remark that if / = on some open set of S, then composing (if necessary) one of 
the surfaces with an isometry \E' of E^(k, r) as above, we get A = a A*, and this case has 
already been discussed. So, we will impose from now on the condition / 7^ 0. 
If we differentiate (C.3), then using (C.2), (C.l) and (CO) we arrive at 

uz, = -H,A - {H' + r')^ - HzA - u\A\\k - At') - ^u. 

If we now use that this expression must also hold for the fundamental data of as 
well as the relations 1^41 = 1^4*1 and \p\ = \p\*, we get 

-H,A - H-A = a{H,A* + H^A^), 

which by (16. 16^ and / 7^ lets us conclude that H^Pz = HzPz, or in other words, 

H = H{p) locally. (6.19) 

Moreover, from (16.170 and (16.180 we have 

/(/5) - P.-. + fmm' = 0. (6.20) 

We obtain then two different local possibilities: 

Case A: If 2/(/5) = t/H{P) on an interval, then (lOOD tells that / (and thus H) 
is constant on an open piece of S, and / = t/{2H). By (16.161) we get the existence of 
some a G M with a A* = e^^A. Moreover, again by (16.161) we can observe that 

e^° = -^^ 
H + iT 
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Finally, if we write (C.3) for both ip and ip* , and we use that A 7^ 0, we see that 
p* = e*"p. Therefore, up to an isometry of E^(/t, r), ip and ip* are twin CMC immersions 
over an open subset of S (and hence globally). 

Case B: If 2f{(3) — T/H{f3) does not vanish along an interval, then (16.201) can be 
rephrased as follows: the function 

is harmonic on an open set of S. Thus fi has a local harmonic conjugate /i* so that 
IJ, + in* is a new local conformal parameter on the surface. Let us keep denoting by 
z = s + it this new parameter, but also taking into account that we now have 

s = F{(3) and F'{(3)f3, = 1. (6.21) 

Thus, in this new parameter, and using (16.181) and (16.211) . we obtain that (I6.16P can be 
rewritten as 

A = gi{s)+ig2{s), aA* = -gi{s) + 192(3) = -A, (6.22) 

for a pair of smooth real function gi,g2- By (I6.19p . (I6.2ip . (C.2) and (C.4) we see that, 
locally, 

H = H{s), A = A(s), u = u{s). (6.23) 

Finally, using (I6.22p and (I6.23P in (C.3) as well as the fact that Uz = Uz, we can conclude 
that p = p{s) and p* = —p. Therefore ip and -p* constitute a Bonnet pair, and both of 
them are (up to an isometry of E^(/t,r)) helicoidal mates in K^{k,,t), as we described 
in Section m 

This finishes the uniqueness part of the proof. Existence was already shown in 
Section HI 

So, we have finished the proof of Theorem HI 

7 Final remarks 

Let us start this section by inspecting when are two Bonnet mates in E,^{k, t) glob- 
ally congruent. For this, let us consider ?/' : S — > E^(k, r) to be a helicoidal surface (with 
complete orbits) with fundamental data (13. ip . By Proposition [T3] there exists a confor- 
mal parameter z = s + it for the surface such that s varies in an interval / C M , that t 
varies in all M and that the coefficients (A, u, H,p, A) depend only on s = {z + z)/2. 

Now, observe that if we reverse the orientation of 'p, its unit normal rj is replaced by 
—7], the parameter s + it is replaced by s — it, and its fundamental data turn into 

(A|(i2;p, —u, —H, —pdz^, Adz). 

If r = 0, and we consider ^ to be the symmetry in M^(k) x M with respect to 
a vertical plane, it follows that 'p*{z) := ^{Tp{z)) has the fundamental data given by 
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{X\dz\'^,u,H,pdz'^,Adz). That is, tp* is the Bonnet mate of the (properly) hehcoidal 
surface ip, and it is globally congruent to ip. 

If r 7^ and is an isometry that reverses the orientations of both base and fiber, 
it can be shown in the same way that ip and ip*{z) := \E'(-?/'(z)) constitute two globally 
congruent Bonnet mates. 

In other words, we have proved: if Si, S2 are two helicoidal mates in E^(/t, r), and Si 
is an open piece of the helicoidal surface Si ( with complete orbits ), then S2 is congruent 
to another open piece of Si . 

Nevertheless, it must also be emphasized that in general two Bonnet mates are not 
globally congruent. For instance, two associate minimal surfaces in M^(k) x M related by 
an angle 6' 7^ 0, vr are generically non-congruent. In the same way, the twin immersion of 
a simply connected CMC surface in E^(k, r), r 7^ 0, is generically non-congruent to the 
original surface. For instance, if the fundamental data of the original CMC surface have 
no symmetries, its twin immersion cannot be globally congruent to it. We also point 
out that some helicoidal CMC examples are globally (and not pointwise) congruent to 
their twin immersions (see jPanlj ). 

Apart from the above issue, let us consider briefly the compactness of Bonnet pairs. 
By Theorem [21 it is immediate that a real-analytic compact surface in M^(k) x M cannot 
have a Bonnet mate. This happens because there are no compact minimal surfaces in 
M.'^{k) X M other than the horizontal slices h = ho in §^(/t). Thus, any real-analytic 
compact surface in M^(/t) x M is always pointwise determined by its metric and principal 
curvatures. 

This is no longer true for surfaces in E^(/t,r), r 7^ 0. This follows directly from 
Theorem H] and the existence of (real-analytic) CMC spheres in these homogeneous 
spaces. It also follows from the fact that a rotational sphere in E^(k, r), r 7^ always has 
a helicoidal mate. Nevertheless, in these cases the Bonnet mates are globally congruent, 
by our discussion at the beginning of the section. Let us also remark that an important 
open problem in the classical setting is whether there exist compact Bonnet pairs in 

We will finish by exposing some open problems related to the results of the present 
paper. 

1. Rigidity of CMC surfaces: As explained in the introduction of this paper, the 
classical Bonnet problem in has two equivalent formulations, that are no longer 
equivalent when the target 3-space has not constant curvature. So, it is natural to 
consider how many surfaces in E^(k, r) with the same metric and mean curvature 
function can exist. This problem seems to be quite involved, so it may be more 
interesting to consider its restriction to CMC surfaces: given a simply connected 
CMC-H surface S in E^(/t, r), how many CMC-H surfaces in E^(/t, r) exist that 
are locally isometric to S? This problem has been treated for minimal surfaces in 
M^(k) X R in |HST] . but it is still unanswered even in that particular case. 

2. Compact Bonnet pairs: it remains unsolved whether a real-analytic non-simply 
connected compact surface in K^{k,,t) can have a Bonnet mate not globally con- 
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gruent to it. By Theorem [2] and Theorem |U we know that if such surface exists, 
it must be a compact CMC surface, and its Bonnet mate must be its twin im- 
mersion. So, the problem reduces to the following question: does it exist a pair of 
twin compact CMC immersions with non-trivial topology in E^(/t, r), r ^ 0?. 

3. Other target 3- manifolds: taking into account our results, it is natural to consider 
if the metric and principal curvatures are enough to determine pointwise a surface 
in a general Riemannian 3-manifold. More specifically, there are two possible 
choices of ambient 3-spaces for this generalized Bonnet problem that may be of 
special interest. One is the Riemannian 3-space S0I3, i.e. the only homogeneous 
manifold belonging to the Thurston geometries that is missing in our discussion 
(since it has a 3-dimensional isometry group). The other choice is the class x M 
of Riemannian products of an abstract Riemannian surface with the real line, as 
this type of spaces generalize the homogeneous manifolds M^(k) x M, and are 
currently becoming a fashion research topic. 
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